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E X P R E S S I N G  THE C O E F F I C I E N T S  OF THE E X P A N S I O N  

OF A S C A T T E R I N G  I N D I C A T R I X  THROUGH 

MIE C O E F F I C I E N T S  

D. B. V a f i n  a n d  A.  F .  D r e g a l i n  UDC 536.3 

Equations are given expressing the coefficients of the expansion of a spherical-particle scattering 
indicatrix by Legendre polynomials directly through Mie coefficients. The equations are con- 
verted to a form suitable for use in a computer. 

In some methods of solving the equation of radiant energy transfer the scattering indicatrix for a two- 
phase medium is represented in the form of a series by Legendre polynomials: 

g(~) = 1 + ~ (2n q- 1)g~ P,, (~). (t) 

The expansion coefficients gn can be obtained from the known values g ~  using the orthogonality proper- 
ties of Legendre polynomials: 
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+I 

g .  = ~ -  g (~) P .  (tq d~. 

- - 1  

(2) 

When de te rming  fn f rom Eq. (2), however ,  one must  calculate the values of gO~) for  a l a rge  number  of 
sca t te r ing  angles.  In the case of spher ica l  pa r t i c les  the coefficients gn can be calculated with the help of exact  
express ions  obtained on the basis of the Mie equations [1]. At large  values of the p a r a m e t e r  p, however ,  the 
use of the equations p resen ted  in [1] is h indered owing to the necess i ty  of calculating the fac tor ia ls  of large 
numbers .  In addition, the coefficients  An and B n in [1] differ  somewhat f rom the Mie coefficients a n and b n 
general ly  adopted in the cu r r en t  l i t e ra tu re  [2] and for  which a convenient calculation algori thm has been de-  
veloped [3]. For  these reasons  it is c lear ly  p re fe rab le  to use Eq. (2) [4]. 

Equations conver ted  to a fo rm more  suitable for  thei r  use in a computer  and expres s ing the  coeff icients  
of expansion gn through an and bn a re  given below. 

We r e p r e se n t  the coefficient  of expansion gn(r) in the fo rm 

g~ (r) - -  Xz J~ (r) , (3) 
2 ~  ,~sca(r) 

where  ~sca(r) is the sca t te r ing  c ross  sect ion,  which is expressed  through the coefficients an and b n [2]. 

The value of Jn(r) for  a single par t ic le  is calculated f rom the following equation: 

( 2 1 ) n  ~ 2 i + 1  ~ (--1) ~+k 2 k + l  Wihco,~,~, (4) 
S~(r) i ( i +  1) ~ ~-~ ~-~) k ( k +  1) 

w h e r e w i k n  = 0 i f N = i + k -  n <  0 o r N > 2 k + l .  I fN  = 2 m ,  m = 0 ,  1, 2, . . .  , k ,  then 

W~ = Re (a 0 Re (ah) + I m  (a 3 Im (ah) + Re (bi) Re (bh) + Im (b~) Im (bh) 

and 

tOl:h R 
[ i ( i +  1 ) + k ( k - + - l ) - - n ( n +  1)] ~ 

i + k T n + l  

i+n--h 

�89 + I " N + n + v  
v ~  1 v ~  1 

I f N  = 2 m +  1, m = 0 ,  1, 2 , . . .  , k ,  then 

W~,, = Re (al) Re (bk) + I m  (a,) Im (b~) + Re (ah) Re (b~) + Im (ak) Im (bD 
and 

i + n - - h +  1 k + n - - i +  1 
2 / ( o , , , . ~ = - - N ( i + n - - k + l ) ( ~ + ~ - - ~ + ~ )  i l  " g +1  • [1 

'V= 1 ' "v~  1 

(. n+l 1 N - - l + 3 v +  N~-v �9 

>: I I  y N + ~ + ,  

k + n - - i +  1 + 1 
2v / 

Let  the pa r t i c l e - s i ze  distr ibution function f(r) for  a polydisperse  sys tem be given. Then the coefficients 
of the expansion of the sca t te r ing  indicatr ix  for  the polydisperse  sys tem a re  found through the values of ~sca (r) 
and Jn(r) for  a single par t ic le :  

i ] .  (r) f (r) dr 
~.~ o (5) 

g"  = 2z~ i ~ f (r) dr 
0 

Some values of the coefficients of the expansion of the sca t te r ing  indicatr ix  for  a single par t ic le  found 
f rom Eq. (3) a re  p resen ted  in Table  1. 

1187 



TABLE 1. Values  of  Expansion Coeff ic ients  gn(P) of  Scattering 
Indicatr ices  for  Single Par t i c l e s  (m = 1.8 - i �9 0.0001) 

n 
p 

I 2 3 4 5 6 

I 
2 
3 
4 
5 

10 
20 
30 
40 
50 

0,2374 
0,5230 
0,5704 
0,4108 
0,3478 
0,6708 
0,7008 
0,7378 
0,7223 
0,7327 

0,1154 
0,2414 
0,4723 
0,3346 
0,3644 
0,5894 
0,5904 
0,6500 
0,6240 
0,6550 

0,0144 
0,1006 
0,2900 
0,1794 
0,9677 
0,4387 
0,4334 
0,504l 
0,4691 
0,5089 

0,0010 
0,0358 
0,2080 
0,2085 
0,1649 
0,4613 
0,4483 
0,5256 
0,4939 
0,5438 

0,0000 
0,0053 
0,1217 
0,1655 
0,0221 
0,3825 
0,3736 
0,4564 
0,4231 
0,4724 

0,0000 
0,0006 
0,0617 
0,1476 
0,0980 
0,3973 
0,4059 
0,4954 
0,4639 
0,5177 

7 8 

o,oooo ] o,oooo 
O, 0000 O, 0000 
O, 0047 O, 0008 
O, 0929 O, 0592 
0,0022 0,0881 
O, 3330 O, 3259 
0,3416 I 0,3691 
0,4377 [ 0,4745 
0,4059 I 0 4462 
0,4595 ] 0,5050 

For  the distribution function f(r) = 1.119.31"6r~ ( -3r)  ~ m  -1] chosen  as  an example ,  with k = 2/~ 
and m = l . 8 -  i .  0.0001, the f irs t  three expansion coef f ic ients  calculated f rom Eq. (5) are gi = 0.5228, g2 = 0.3887, 
and g3 = 0.2116. The integrat ion was  done by Simpson's  rule with a step Ar = 0.05 tLm. The corresponding  
coeff ic ients  determined f r o m  (2) with Ar = 0.05 /~m ar/d A/~ = 0.002 are gl = 0.5212, g2 = 0.3870, and ga = 0.2109. 

In the given example  15 rain w a s  required to calculate  the expansion coef f ic ients  gn f rom Eq. (2) on an 
M-222 computer  and only 1.6 rain us ing  Eq. (5). 

g~) 

gn 
Pn(~) 

p = 2~r/k 

r 

5ik 
m 

Re(z) 

and Im (z) 

a n and b n 
a s c  a (r) 

NOTATION 

i s  the scat ter ing  indicatrix; 
is  the coef f ic ient  of  the expansion of the scat ter ing  indicatrix in a s e r i e s  by Lengendre po lynomials ;  
i s  the Legendre po lynomia l s  of order  n; 
is  the cos ine  of scat ter ing  angle; 
i s  the diffraction parameter ;  
is  the wavelength of radiation; 
is  the part ic le  radius;  
is  the Kronecker  symbol;  
i s  the complex  index of re fract ion  of part ic le  mater ia l ;  

are  the real  and imaginary  parts  of  complex  number z ,  respect ive ly ;  
are  the Mie coef f ic ients ;  
i s  the scat ter ing  c r o s s  sect ion.  

1 .  

2. 
3. 
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